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Abstract
Using Faltings’ theorem on the Mordell conjecture, we prove that for any prime p  5 and integer n 2,
the cyclotomic symbols {a,Φn(a)} do not form a subgroup of K2(Q). This partially confirms a conjecture
of Browkin.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Let F be a field and K2(F ) the Milnor K-group of F [5]. How to write down explicitly the
elements of finite orders in K2(F ) is an interesting problem. Tate [8] proved that if F is a global
field containing the nth primitive roots, then any element of order n in K2(F ) can be written in
the form of {ζn, a}, a ∈ F ∗ (see [4] for a general result). Browkin [1] investigated the elements of
the form {a,Φn(a)} in K2(F ), where Φn(x) is the nth cyclotomic polynomial. These are called
cyclotomic symbols. Let
Gn(F) =
{{
a,Φn(a)
} ∈ K2(F ) ∣∣ a,Φn(a) ∈ F ∗}.
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K. Xu, Y. Wang / Journal of Number Theory 128 (2008) 468–474 469In [1], Browkin conjectured that for any integer n = 1,2,3,4,6 and any (infinite) field F ,
Gn(F) is not a subgroup of K2(F ). In particular, he pointed out the case of F = Q (the rational
number field) and n = 5.
Several special cases have been established. From [7] and [9] Gn(Q) is not a group if n =
5,7,9,11,25,27 or 49, from [6] G2n(Q) is a group if and only if n 2 and from [9], for n 2,
G2n3m(Q) is a group if and only if n = 2, m = 0. Furthermore, these results also can be extended
to the quadratic fields Q(i) and Q(
√−2) [10].
The idea behind the proofs is that the problem can be reduced to some Diophantine equations
which have no nontrivial solutions, but we found recently that this idea is too restrictive. In fact,
we found that it will also do even if the equations have but only finitely many nontrivial solutions.
So, in this paper, we could use Faltings’s result on Mordell conjecture [2] and obtain the more
general result on Gpn(Q), where p is a prime. Explicitly, we have proved that for any prime
p  5 and any integer n 2, Gpn(Q) is not a subgroup K2(Q).
The key idea and the proof of the main theorem of this paper belong to the first author.
2. Diophantine equations
Theorem 2.1 (Genus formula). If C is a nonsingular plane curve of degree d , then the genus of C
is
g(C) = 1
2
(d − 1)(d − 2).
Proof. See [3]. 
Theorem 2.2 (Faltings). Any smooth, projective curve over a number field F that has genus
greater than 1 can have only finitely many F -rational points.
Proof. See [2]. 
Lemma 2.3. If p  5 is a prime, then the following Diophantine equations have only finitely
many integral solutions:
xp(p−1) + xp(p−2)yp + · · · + yp(p−2)xp + yp(p−1) = zp,
xp(p−1) + xp(p−2)yp + · · · + yp(p−2)xp + yp(p−1) = pzp,
where (x, y) = 1.
Proof. We consider only the first equation and the second one can be treated similarly. Now, the
equation can be changed into
(
xp
yp
)p−1
+
(
xp
yp
)p−2
+ · · · +
(
xp
yp
)
+ 1 =
(
z
yp−1
)p
.
Hence, it suffices to prove that the following equation has only finitely many rational solutions:
xp−1 + xp−2 + · · · + x + 1 = zp.
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r
, z = t
r
, we get a projective curve
C: F(s, t, r) = rsp−1 + r2sp−2 + · · · + rp−1s + rp − tp = 0.
So, it suffices to prove that there are only finitely many rational points over Q in curve C.
We claim that C is a nonsingular curve. In fact, the singular point [s0 : t0 : r0] should satisfy
the following equality:
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
F(s0, t0, r0) = r0sp−10 + r20 sp−20 + · · · + rp−10 s0 + rp0 − tp0 = 0,
F ′s(s0, t0, r0) = (p − 1)r0sp−20 + (p − 2)r20 sp−30 + · · · + 2rp−20 s0 + rp−10 = 0,
F ′r (s0, t0, r0) = sp−10 + 2r0sp−20 + · · · + (p − 1)rp−20 s0 + prp−10 = 0,
F ′t (s0, t0, r0) = −ptp−10 = 0.
Obviously, t0 = 0 and r0 = 0 since [0 : 0 : 0] is not a projective point. Hence, from these equali-
ties, we have
(
s0
r0
)p−1
+
(
s0
r0
)p−2
+ · · · +
(
s0
r0
)
+ 1 = 0,
(p − 1)
(
s0
r0
)p−2
+ (p − 2)
(
s0
r0
)p−3
+ · · · + 2
(
s0
r0
)
+ 1 = 0.
But, this implies that s0
r0
is a multiple root of the pth cyclotomic polynomial Φp(x) = xp−1 +
xp−2 + · · · + x + 1, which is impossible. Hence, C is a nonsingular projective curve.
Now, by Theorem 2.1, for p  5 the genus of C is
g(C) = (p − 1)(p − 2)
2
 2.
So, from Theorem 2.2 there are only finitely many rational points over Q in C. Hence, the proof
of the lemma is complete. 
Let
Φpn(x, y) = ypn−1(p−1)Φpn
(
x
y
)
.
Then we have
Corollary 2.4. If p  5 is a prime and n  2, then the following Diophantine equations have
only finitely many integral solutions:
Φpn(x, y) = zp,
Φpn(x, y) = pzp,
where (x, y) = 1.
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Lemma 3.1. If a,Φn(a) ∈ F ∗, then {a,Φn(a)}n = 1 in K2(F ).
Proof. See [1]. 
Theorem 3.2. For any prime p  5 and any integer n  2, then Gpn(Q) is not a subgroup
of K2(Q).
Proof. Because the equations in Corollary 2.4 have only finitely many integral solutions, there
exists a sufficiently large natural number N (> p) satisfying that if at least one of |x| and |y| is
greater than N , then Φpn(x, y) cannot be written as the form of zp or pzp .
Let M1 =∏qN q , where q’s range over primes. Since Φpn(kM1) → ∞ when k → ∞, we
can choose a sufficiently large natural number k1 and a prime p1 so that p1 | Φpn(k1M1).
Let
A1 =
{
k1M1 if vp1(Φpn(k1M1)) = 1,
k1M1 + p1 if vp1(Φpn(k1M1)) > 1.
Then p1 ‖Φpn(A1) since for A1 = kM1 + p1 we have
Φpn(A1) = Φpn(k1M1) + Φ ′pn(k1M1)p1 +
1
2
Φ ′′pn(k1M1)p21 + · · · .
(Note that Φpn(x) and Φ ′pn(x) are coprime and that p1 | Φpn(k1M1), so p1  Φ ′pn(k1M1).)
Let
M2 =
∏
q1|k1M1
q1
∏
q2|k1M1+p1
q2
∏
q3|Φpn(A1)
q3,
where q1, q2, q3 range over primes. Then we can choose a sufficiently large natural number k2
and a prime p2 so that p2 | Φpn(k2M2).
Similarly, let
A2 =
{
k2M2 if vp2(Φpn(k2M2)) = 1,
k2M2 + p2 if vp2(Φpn(k2M2)) > 1.
Then p2 ‖ Φpn(A2). Carrying out this procedure repeatedly, we get the following sequence of
elements:
{{
Ai,Φpn(Ai)
}p ∈ K2(Q) ∣∣ i = 1,2, . . .}, (3.1)
where
Ai =
{
kiMi if vpi (Φpn(kiMi)) = 1,
kiMi + pi if vpi (Φpn(kiMi)) > 1,
in which pi (= p) is a prime satisfying pi | Φpn(kiMi) (therefore pi  Mi ) and
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∏
q1|ki−1Mi−1
q1
∏
q2|ki−1Mi−1+pi−1
q2
∏
q3|Φpn(Ai−1)
q3.
Hence
pi ‖Φpn(Ai). (3.2)
We will prove that the elements of (3.1) are all nontrivial and different from each other.
At first, from the choice of pi (3.2), we have pi  Ai and so
τpi
{
Ai,Φpn(Ai)
}p = (−1)pvpi (Ai)vpi (Φpn (Ai)) A
pvpi (Φpn (Ai))
i
(Φpn(Ai))
pvpi (Ai)
≡ (Ai)p (mod pi),
where τpi denotes the tame symbol at pi (see [5]). Obviously, (Ai)p ≡ 1 (mod pi); otherwise,
we will have
0 ≡ Φpn(Ai) ≡ p (mod pi),
but pi  p, a contradiction. Hence
τpi
{
Ai,Φpn(Ai)
}p ≡ 1 (mod pi). (3.3)
This implies that {Ai,Φpn(Ai)}p (i = 1,2,3, . . .) are all nontrivial.
Obviously, we have pi+1  Mi+1, from which we can get
τpi+1
{
Al,Φpn(Al)
}p ≡ 1 (mod pi+1), l  i.
But from (3.3) we have
τpi+1
{
Ai+1,Φpn(Ai+1)
}p ≡ 1 (mod pi+1).
Hence
{
Ai+1,Φpn(Ai+1)
}p = {Al,Φpn(Al)}p, l  i.
This implies that {Ai,Φpn(Ai)}p are all different from each other, and so the claim is confirmed.
Now, suppose that Gpn(Q) is a subgroup of K2(Q). Then for each i, there exist integers
si , ti ∈ Z so that
{
Ai,Φpn(Ai)
}p =
{
si
ti
,Φpn
(
si
ti
)}
,
where (si , ti ) = 1.
By the claim above, there are infinitely many different elements of the form {Ai,Φpn(Ai)}p
in (3.1). But, it is clear that there exist only finitely many { si
ti
,Φpn(
si
ti
)} satisfying the condi-
tion: s, t ∈ Z, |s|, |t |  N and (s, t) = 1. So, there must exist a positive integer i0 and integers
si0, ti0 ∈ Z so that
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Ai0,Φpn(Ai0)
}p =
{
si0
ti0
,Φpn
(
si0
ti0
)}
,
where (si0 , ti0) = 1 and |s0| > N or |t0| > N. In virtue of the choice of N , Φpn(si0, ti0) can-
not be written as the form zp or pzp . So there should exist a prime q0 = p which satisfies
vq0(Φpn(si0 , ti0)) > 0 and
p  vq0
(
Φpn(si0 , ti0)
)
.
On the one hand, we should have
τq0
{
si0
ti0
,Φpn
(
si0
ti0
)}pn−1
≡
(
si0
ti0
)vq0 (Φpn (si0 ,ti0 ))pn−1 ≡ 1 (mod q0). (3.4)
Otherwise, if ( si0
ti0
)vq0 (Φpn (si0 ,ti0 ))p
n−1 ≡ 1 (mod q0), then from vq0(Φpn(si0, ti0)) > 0 and
q0  si0 ti0 , we know vq0(Φpn(
si0
ti0
)) > 0, so Φpn(
si0
ti0
) ≡ 0 (mod q0), which implies ( si0ti0 )
pn ≡ 1
(mod q0), and so we have (
si0
ti0
)p
n−1 ≡ 1 (mod q0), that is sp
n−1
i0
≡ tpn−1i0 (mod q0). Hence
Φpn(si0 , ti0) ≡ ptp
n−1(p−1)
i0
(mod q0).
But from q0 | Φpn(si0 , ti0) and q0 = p, we know that q0 | ti0 and so q0 | si0, which implies
(si0, ti0) = 1, a contradiction. Hence, (3.4) holds.
On the other hand, we have
τq0
{
si0
ti0
,Φpn
(
si0
ti0
)}pn−1
≡ τq0
{
Ai0,Φpn(Ai0)
}pn ≡ 1 (mod q0),
which contradicts (3.4). Hence, Gpn(Q) cannot be a subgroup of K2(Q). The proof of Theo-
rem 3.2 is complete. 
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